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We study the action of the mapping class group of an oriented genus g surface 



CN . Abstract 
> 

I with n punctures and a disc removed on a Poisson algebra which arises in the 

psj . combinatorial description of Chern-Simons gauge theory when the gauge group is 

a semidirect product G x g* . We prove that the mapping class group acts on 
. this algebra via Poisson isomorphisms and express the action of Dehn twists in 

terms of an infinitesimally generated G-action. We construct a mapping class group 
representation on the representation spaces of the associated quantum algebra and 
show that Dehn twists can be implemented via the ribbon element of the quantum 
Oh. double D{G) and the exchange of punctures via its universal R-m&tnx. 



1 Introduction 

This paper investigates a mapping class group action on a certain Poisson algebra and 
on the representation spaces of the associated quantum algebra. This Poisson algebra, in 
the following referred to as flower algebra, plays an important role in the combinatorial 
description of the phase space of Chern-Simons theory with semidirect product gauge 
groups of the form G K g*, where G is a Lie group, q* the dual of its Lie algebra and G 
acts on g* in the coadjoint representation. Its classical structure and quantisation were 
studied in an earlier paper j221- 

Although mapping class groups and Chern-Simons gauge theories are research topics in 
their own right, our interest in them is motivated by their relevance to physics. Chern- 
Simons gauge theory with gauge group G ix g* occurs in the Chern-Simons formulation of 
(2+l)-dimensional gravity with vanishing cosmological constant j2S]j where, depending 
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on the signature of the spacetime, the gauge group is the three dimensional Poincare or 
Euchdean group. For spacetimes of topology M x S*, where S is an oriented surface of ar- 
bitrary genus, possibly with punctures and boundary components, large diffeomorphisms 
of the surface S give rise to Poisson symmetries or canonical transformations on the phase 
space There is evidence suggesting that these symmetries play an important role in 
the physical interpretation of the theory, in particular for the dynamics of gravitationally 
interacting particles IHj. 

The flower algebra emerges in a description of the moduli space of fiat connections on a 
genus g surface Sg^n with n punctures, discovered by Fock and Rosly [Hj and developed 
further by Alekseev, Grosse and Schomerus [3 El E] ■ In this description, the moduli space 
is given as a quotient of the space of holonomies associated to a set of n + 2g generators 
of the surface's fundamental group equipped with a certain Poisson structure. In our 
case, these holonomies are elements of G x g*, and one obtains a Poisson structure on 
the manifold {G k 0*)"+^^' ^he flower algebra is the algebra of a particular class of 
functions on {G k with this Poisson bracket. In j2Sl; we investigated the classical 

properties of this Poisson algebra and constructed the corresponding quantum algebra and 
its irreducible Hilbert space representations. In this paper, we show that the mapping 
class group Map{Sg^f\D) of the surface Sg^n with a disc D removed acts on the flower 
algebra and determine the associated quantum action. 

We prove that the mapping class group action on the flower algebra is a Poisson action 
and show that the action of Dehn twists around embedded curves on the surface Sg^r\D 
can be expressed in terms of a G-action that is infinitesimally generated via the Poisson 
bracket. For the case where the exponential map exp : g — > G is surjective, we give 
explicit Hamiltonians whose flow by one unit is equal to the action of Dehn twists. These 
flows are special examples of the Hamiltonian "twist flows" studied by Goldman in [16], 
but the particular Hamiltonians we consider and their relation with Dehn twists appear 
to be new. 

We then demonstrate how these classical features are mirrored by corresponding struc- 
tures in the quantum theory. We show that elements of the mapping class group act 
as algebra automorphisms on the quantised flower algebra and implement this action on 
its representation spaces. This allows us to relate the quantum action of the mapping 
class group to different representations of the quantum double D{G) of the group G. We 
flnd a canonical way of associating a representation of the quantum double D{G) to each 
embedded curve, such that the action of the corresponding Dehn twist is given by the 
ribbon element of D{G). We flnd an implementation of the exchange of punctures on the 
surface Sg^r\D in terms of the action of the universal i?-matrix in the tensor product of 
two representations of D{G), familiar from the theory of quantum groups. 

The paper is structured as follows: Sect. 2 gives a summary of our results in required 
for the understanding of this article, which is necessarily rather condensed. In Sect. 3 
we discuss the mapping class group action on the classical flower algebra and express the 
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action of Dehn twists in terms of infinitesimally generated group actions as outlined above. 
Sect. 4 investigates the corresponding quantum action and relates it to representations of 
the quantum double D{G), followed by a brief outlook in Sect. 5. The appendix lists a 
set of generators of the mapping class group and their actions on the fundamental group 

7li{Sg^r\D). 

2 The phase space of Chern- Simons gauge theory with gauge 
group G K Q* and the flower algebra 

2.1 Notation and conventions 

We consider groups G x g* which are the semidirect product of a finite-dimensional, simply 
connected and connected Lie group G and the dual q* of its Lie algebra q = Lie G, viewed 
as an abelian group. All Lie algebras are vector spaces over M unless stated otherwise, and 
Einstein summation convention is used throughout the paper. Following the conventions 
of [201, we define Ad*{g) to be the algebraic dual of Ad{g), i. e. 

{Ad*ig)j,0 = {j,Adig)0 Vj eg*,^EQ,geG, (2.1) 

so that the coadjoint action of (7 G G is given by Ad*{g~^). Writing elements of G k g* as 
{u, a) with u E G and a G 0*, we have the group multiplication law 

(wi, ai) ■ (m2, 02) = (mi ■ U2, ai + Ad*{u^^)a2). (2.2) 

We also use the parametrisation 

{u,a) = {u,- Ad* {u~^)j) withu e G, a,j e Q*, (2.3) 

where, as explained in [21], the pair (m, j) should be thought of as an element of the dual 
Poisson-Lie group. 

Let Ja, -P", a = 1, . . . , dimG, denote the generators of the Lie algebra Lie (Gkq*) = g(BQ*, 
such that the generators Ja form a basis of g = Lie G and the generators a basis of q*. 
Then the commutator of the Lie algebra g © g* is given by 

[Ja, M = fat " Jc [Ja, P'] = ^fac ' [P\ ^1 = 0, (2.4) 

where f^^^ are the structure constants of g. We denote by J^, the left-and right- 
invariant vector fields on G associated to the generators Ja 

J^F{u):=j^t=^F{ue'''^) J^F{u) := j^\t=,F{e-''^u) \/u e G, F e C^{G). (2.5) 

2.2 The flower algebra for gauge group G x g* 

The flower algebra plays an important role in the description of the phase space of Chern- 
Simons theory with semidirect product gauge groups of type G k g*. Mathematically, this 
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phase space is the moduh space of flat G x 0*-connections on the surface Sg^n, and it can 
be described as a quotient of the space of holonomies holonomies associated to a set of 
generators of the surface's fundamental group. Fock and Rosly ^1] and Alekseev, Grosse 
and Schomerus [21 IH El defined a Poisson structure on the space of holonomies, which, 
via Poisson reduction, gives rise to the canonical Poisson structure on the moduli space 
|15[ IHj. For Chern-Simons theory with compact, semisimple gauge groups, this Poisson 
structure on the space of holonomies was investigated by Alekseev, Grosse and Schomerus 
13 in EI and quantised via their formalism of combinatorial quantisation of Chern-Simons 
gauge theories. The case of (non-compact and non-semisimple) semidirect product gauge 
groups of type G x g* was studied in , where we discussed the properties of this Poisson 
structure and developed a quantisation procedure. 

In order to define the flower algebra for Chern-Simons theory with gauge group G k g* 
on a punctured surface, we need a set of generators of the surface's fundamental group. 
Both the fundamental group 'ni^Sg^n) of a genus g surface Sg^n with n punctures and the 
fundamental group of the associated surface Sg^j\D with a disc D removed is generated 
by the equivalence classes loops rrii, i = 1, . . . ,n, around the punctures and two curves 
ttj, bj, j = 1,. . . ,g, for each handle, shown in Fig. 1. In the case of the surface Sg^r\D 
with a disc removed they generate the fundamental group freely, whereas for the surface 
Sg^n they are subject to the relation 

[bg, a~^] ■ . . . ■ a^^] ■ m„ ■ . . . ■ mi = 1, with [bi, a^'^] = hal^b^'^ai. (2.6) 
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Fig. 1 

The generators of the fundamental group of the surface Sg^j\D 
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In the rest of the paper, we do not distinguish notationally between closed curves on 
Sg^n and Sg^r\D, and their equivalence classes in the fundamental group 7Vi{Sg^n) and 

7ri{Sg^r\D). 

Whereas the holonomies Aj = Hol(aj), Bj = Hol(6j) associated to each handle are general 
elements of the group G k g*, the holonomies Mj = Hol(mj) around the punctures lie in 
fixed G K g*-conjugacy classes 



(2.7) 



For a geometrical interpretation of the labels /ij and Sj we refer the reader to [231 ■ 

By applying the work of Fock and Rosly ^3] and Alekseev, Grosse and Schomerus 013113] 
to the case of gauge group G k g*, one obtains a Poisson structure on (G k g*)""*"^^. 
However, for gauge groups G ik g* it is more convenient to work with the slightly dif- 
ferent formulation used in [23] • We parametrise the holonomies according to (j2.3j) as 
X = Hol(a;) = {ux, -Ad*(M^^) j^) for X e {Mi, . . . , M^, Ai, B^, . . . , Ag, Bg}, expand the 



vectors as = and denote by the same symbol the coordinate functions 



G C^{{G K 0*)"+^^) : (Ml, . . . , M„, Ai, 5i, . . . , A„ Bg) ^ 3a ■ 



* \n+2g 



X 



{2.t 



Instead of the algebra C°°((G k g*)"+25^ -^g then consider the algebra generated by the 
functions in C°°(G"+^^) together with these maps with the Poisson structure given 
below. 



Definition 2.1 (Flower algebra for groups G k g*^ 

The flower algebra T for gauge group G k g* on a genus g surface Sg^n with n punctures 
is the commutative Poisson algebra 



/n+2g 

^ = ,S I 0g ) ®C°°(G"+29), 



(2.9) 



fc=i 



where >S'(0^j[^^g) is the symmetric envelope of the real Lie algebra 0fc^i^g, i-e. the 
polynomials with real coefficients on the vector space ^fj^i^ Q* ■ In terms of a fixed basis 
^ = {icf'-iia^^ja'^i i=l,- ■ ■ ,n, k=l,. . . ,g, a=l,. . . ,dim G}, its Poisson structure is given 
by 



^X,Ye{M,,...,Bg},X<Y 
\/i = l,...,g 



{j^' ® 1, 1 ® F} = -1 ® (f:"^ + J:"')F - 1 ® (5/ - Ad*iuM,) 



\Y>Mi 
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{jf^ ® 1, 1 ® F} = -1 ® iJa-'' + Ja^')F - 1 ® (Ja^^ + Ja^^)F - 1 ® ^Id* (m^^^J,^ jf 

\Y>A, J 
{if ® 1, 1 ® F} = -1 ® - 1 ® (jf + Ja^^)F 

- 1 ® {5^ - AdTiusX') ( E (•^^ + •^^''")^ ) ' (2.10) 

\Y>Bi J 

where F E C^iC'+^a^, Mi < . . . < < Ai, < . . . < Ag, Bg andJ^^ , Jf^ denote 
the right- and left invariant vector fields ()2.5j) on the different copies of G. 

Note that this definition does not restrict the holonomies Mi associated to the punctures to 
fixed G'K0*-conjugacy classes C^^^Si- Instead, these conjugacy classes arise as the symplectic 
leaves of the Poisson structure ()2.10|) on {G x g*)""*"^^. Furthermore, we showed in by 
extending the work of Alekseev and Malkin 2J to groups of type G k g* that the Poisson 
structure on the symplectic leaves is given by a symplectic potential on (G k g*)"^^^. 
This potential can be expressed in terms of the holonomies as follows 

Theorem 2.2 (Symplectic leaves and decoupling) 

The symplectic leaves of the Poisson manifold {G k g*)"+2g yj^fi bracket ()2.10j) are of 
the form C^^si x . . . x C^^s,, ^ T*(G)^^, where C^-s^ denote G x q* -conjugacy classes as 
in ()2.7p . Let ujjr denote the symplectic form on these symplectic leaves, define a map 

P . Qn+2g _^ Qn+2g 

j3 : {vm^: ...,Vm„,Ua^,..., Ub,) ^{vM^gfi^vl}^,. . . , t;Af„fi'M„^Mi, «Ai, • • • , MfiJ (2.11) 

= : (/^Afi (^^Mi , • • • , • • . , /^Bg (wAfi , • • • ,MijJ) 

and extend it trivially to a map t : [G ^ g*)"+29 ^ (^q ^ g*-)n+2g 

r : {VM, , . . . , VM^ , j*'" , UA, UB, (2.12) 

Then, the pull-back T*ujjr of ujj^ with r coincides with the exterior derivative of the sym- 
plectic potential 
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e = ^( d{uM.^, ■ ■ ■ UM,){UM,_, ■ ■ ■ UM,)-' - dVM^V]^] , P") (2.13) 
i=l 
9 

1=1 
9 

+ d{u^\]^\A,UK,_, ■ ■ ■ UMr){uA\]^luA,UK,^, ■ ■ ■ UM^^'^ , Ja'P") 

i=l 

- ( d{u-g]uA,UK,^^ ■ ■ ■ um^){u~b]ua,uk,.^ ■ ■ ■ umX^ , ja'P^), 
where uk, = [ub,,u^]] = ubm~^]uI]ua,. 

Proof: This follows from Theorems 2.4., 2.5. in |i23j by expressing the symplectic form 
G defined there in terms of the the coordinate functions ()2.8p . □ 

Under the pull-back r* the conjugation action on the group elements associated to the 
punctures gets mapped to left-multiplication. Hence, if we consider the Poisson algebra 
generated by the maps in ()2.8|1 and functions in [G"'^'^^) with the bracket induced 
by the symplectic potential 6 ()2.13|) we obtain a modified bracket { , }e on S" (0^^^^ fl) ® 
C°°(G'"+2^) that is given by (|mH) with the exception of 

Of ® 1, 1 ® F}e = - 1 ® Ja"'F - 1 ® - M\umX') ( E J^^^'' A (^.14) 

\j=i+i / 

- 1 {6^ - Ad* (umX') fE(J^^ + -h^' + + J^'^nP 

In 1231; made use of this link between the fiower algebra Poisson structure ()2.1Up and 
the symplectic potential 6 ()2.13p to construct the corresponding quantum algebra and to 
investigate its representation theory. We obtained the following theorem 

Theorem 2.3 (Quantum flower algebra) 

The quantum algebra for the flower algebra in Def. \2.iA is the associative algebra 

/n+2g \ 

0g <xC°°(G"+2^C), (2.15) 

with the multiplication defined by 

iC® F) ■ {r]0 K) = ^-uv® PK + ihr]® F{^® 1,1® K}, (2.16) 

where ^, 77 G 0^=^ Q,P,K e C°^(G'"+29^ £) and -u denotes the multiplication m U (0^=?'' s) . 
The bracket {,} is given by ()2.1()|1 . 



7 



We found in that the representation theory of this algebra is best investigated in the 
framework of representation theory of transformation group algebras. As the discussion 
is quite technical, we summarise only the main result and refer the reader to [23j for 
further details and some technical assumptions on the group G. Further information 
about transformation group algebras can be found in [THj , which gives a treatment closely 
related to our situation. 

Theorem 2.4 (Representations of the quantum flower algebra) 

Under the technical assumptions on the group G in 123], the irreducible representations 
of the flower algebra are labelled by n G-conjugacy classes Cfj_. = {ggfj,ig^^\g G G}, i = 
l,...,n, and irreducible unitary Hilbert space representations n^- : A^"^- Vg^ of the 
stabilisers Nfj_. = {g E G\gg^-g~^ = (7^.} of chosen elements gfj.^, ■ ■ ■ g^„ in those conjugacy 
classes. Consider the space 

= (n,,(/i^^) ® . . .^Us„{h;^^)) ip{vM^, ■ ..,vm„,ua„...,ub,) \/hi e N^,^ andW^jW^ < 00}, 
with inner product 

(^,0)=/ ii^, <P){vA'h,---,VM„,UA„...UBg) (2.17) 

JG/N^^x...xG/Nf,^xG-^s 

dmi{vM^ ■ iVi) ■ ■ ■ drUnivMn ■ A„) ■ duA^ ■ ■ ■ duB,, 

where {, ) is the canonical inner product on the tensor product of Hilbert spaces (S> . . . ® 
Vg^. Then the representation spaces V^isi...^„s„ are obtained from -^^^^s-^...^„s„ by dividing 
out the zero-norm states. The quantum flower algebra acts on a dense subspace V^°^^^ ^^^^ 
of G°° -vectors \23^ according to 

n^isi...^„.„(A ® F)i; = ~ih{F o (3) ■ {X, (2.18) 

where F G C~(G"+2»), X G 0"+^^ and p is given by ^TT^ . 

3 The classical action of the mapping class group 
3.1 Poisson action of the mapping class group 

As a diffeomorphism invariant theory, Chern-Simons theory on M x Sg^n is in particular 
invariant under orientation preserving diffeomorphisms of Sg^n which are not connected 
to the identity. The equivalence classes of such diffeomorphisms constitute the surface's 
mapping class group Map(S'c,,„) p!D|. Therefore, one would expect the mapping class group 
to act via Poisson isormophisms on the phase space of Chern-Simons theory, the moduli 
space of flat connections. The moduli space is obtained from the set of holonomies around 
the curves in Fig. 1 by imposing the relation (j2.6j) and dividing by conjugation. In the 
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flower algebra, by contrast, the relation ()2.6|) is not imposed and therefore there is no 
group action of Map(S'g^„) on the flower algebra. We shall now show that, instead, there 
is a a group action of the mapping class group Map(5'g on the flower algebra, and 
that this action is Poisson. 

The mapping class group Map(S'g,n\-D) is the group of equivalence classes of orientation 
preserving diffeomorphisms of Sg^r\D which fix the punctures as a set and the boundary 
of the disc D pointwise; diffeomorphisms are equivalent if they differ by one which is 
isotopic to the identity. It contains elements that leave the punctures invariant as well 
as elements that exchange different punctures. The former, by definition, form the pure 
mapping class group PMap{Sg^j\D) related to the mapping class group by the short exact 
sequence 

1 ^ PMap(S',,„\^) ^ MMSg,n\D) (3.1) 

where i is the canonical embedding and vr : Map(S'g^„\D) Sn the projection onto the 
symmetric group that assigns to each element of the mapping class group the associated 
permutation of the punctures. As explained in HUj, the pure mapping class group 
PMa.p{Sg^r\D) is generated by Dehn twists around a set of embedded curves, and a set of 
generators of the full mapping class group Map(S'g,„) can be obtained by supplementing 
this set with n — 1 elements which get mapped to the elementary transpositions via vr. 
A set of generators of the pure and full mapping class group and their action on the 
fundamental group is given in in the appendix. 

The action of the mapping class group on the flower algebra arises in the following way. 
Elements A G Map(5'g_„\D) act as automorphisms on the fundamental group iTi{Sg^r\D) 
and give rise to transformations of the holonomies along the generating curves nii, aj, bj, 
thus inducing a map {G k g*)"+29 ^ ((^ x g*)n+23 ^^ich we denote by A. Explicitly, we 
have 

A : (Hol(mi), . . . , Hol(m„), Hol(ai), Hol(&i), . . . , }io\{ag) ,}io\{bg)) (3.2) 

^(Hol(A(mi)),...,Hol(A(6,))). 

The push-forward with A defines a map A, : C°°{{G k 0*)"+2f) ^ C°°((G x 0*)"+^^), 
which maps the flower algebra into itself. We write Ag for the restriction of A to the G- 
components of the holonomies and (A^)* for the push-forward F ^ F o Aq^ of functions 

F G C~(G"+2g)_ 

In view of Theorem 12.21 it is natural to ask if we can lift the mapping class group action 
A G Map{Sg^r\D) ^ A G Difr((G' x 0*)"+29) to an action A G Map{Sg^^D) ^ A G 
Diff((G' K g*)"+29^ such that the following diagram commutes 

{G K g*)"+29 [G K 0*)"+25 

(3.3) 
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To define A note that all generators of the mapping class group, defined by expressions 
()A.4|) - ()A.10|) and ()A.11|) in the appendix, either leave the conjugacy classes C^.^. associated 
to each puncture invariant or exchange the conjugacy classes of different punctures. Thus 
we can perform the following construction. 

Let £■ be a group acting on (^"+29 via ^ e E t-^ Eq & Diff(G'"+^'^), such that E acts on 
the first n copies of G by conjugation and permutation 

Sg -Um, ^ {um^ , . . . , MbJ ■ MM,(i) ■ (mMi , . . . , Ufi J (3.4) 
Ua, ^ {uMi , . . . ,Ub^), Ub^ ^ {um^ ,...,Ub,), 

with maps ^Aii,C,Aj,^Bj '■ G""*"^^ — > G and a permutation a G Sn- Then 

2g -Vm, ^ ihu ° (^{vhh ,---,ub,)- VM^ii) (3.5) 

UA, ^ ° PivAh,- ■ ■ , Ub,), Ub, ^ is, O /5(va/i, • • • , Ub^) 

defines a group action G i? — Sg G Diff(G'"+^^) and the definition 1)2.111) of the map (3 
implies 

/3oSg = Sgo/3 V^gE. (3.6) 

This allows us to lift the action Ag G Diff(G""'"^^) of elements A G Map(S'g^„\D) to an 
action Ag G Diff(G"'"'"^^) related to Ag via ()3.6p . We can extend Ag to a diffeomorphism 
A on (G K g*)"+23 taking its action on (g*)"+29 to be the one defined by A, which yields 
a mapping class group action A G Map(S'c,,ri\^) i— > A G Diff((G x 0*)"+2!?) satisfying ()3.3|) . 

We can then use this lift of the mapping class group action on the flower algebra to an 
action on [G k 0*)"+29 with symplectic potential ()2.13j) to prove that the mapping class 
group action on the flower algebra is a Poisson action: 

Theorem 3.1 (Poisson action of the mapping class group) 

The symplectic potential G ()2.13|) and the flower algebra Poisson structure ()2.10|) on 
{G K g*)"+25 are invariant under the mapping class group actions A, A, respectively. 

Proof: For the symplectic potential G in ()2.13|) the invariance under A can be shown by 
direct calculation using the expressions ()A.4|) - ()A.11|) for the action of the generators of 
Ma.p{Sg^r\D) on the curves mj, aj, bj, the parametrisation (|2.3|) and the lift ()3.5j) . The 
invariance of the flower algebra Poisson structure under A then follows from Theorem 12.21 
and the commutative diagram ()3.3|) . as we have for all A G Map(S'g,„\D) 

T*A^UJjr = A^T*UJjr = A^dQ = dQ = T*UJj:. (3.7) 

Hence A^kW^c- = ujjr by injectivity of the pullback with the surjective map r in ()2.12|) . A 
proof of the invariance of the Poisson bracket { , } by direct calculation is given in [221 
for the case of the (2+l)-dimensional Poincare group and can easily be extended to the 
case of a general group G x 0*. □ 
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3.2 Infinitesimal generators for the action of Dehn twists 



After investigating the mapping class group action on the flower algebra and the Poisson 
manifold (G x ^jth symplectic potential ()2.13|) . we will now demonstrate that the 

action of Dehn twists can be related to an infinitesimally generated Poisson action of the 
group G. 

Let 7 be an embedded i. e. non self-intersecting curve on the surface Sg^j\D and let 
the same letter stand for the element of the (pure) mapping class group given by the 
Dehn twist around 7 as outlined in the appendix. Denote by P G Diff((G' k g*)"+29) and 
Pg e Diff(G'"+29) the actions of this Dehn twist on the groups {G x 0*)"+29 and G^+^f, 
respectively, and by f G Diff((G x 0*)"+29) and e Diff(G"+29) their lifts according to 
and Parametrising the holonomy of the curve 7 as Hol(7) = {u^, —Ad*{u~^)j"') 

and expressing it as a product of the holonomies Mj, Aj, Bj, we can introduce coordinate 
maps j2 analogous to ()2.8p 

j2 e C^iiG K : (Ml, . . . , Ai, . . . , S,) ^ j7, a = 1, . . . , dimG. (3.8) 

From the brackets ()2.10|) it follows that the coordinate functions generate a G-action 
on C°^(G"~'"^^) for all generators of the fundamental group. One would like to generalise 
this statement to any embedded curve 7. This requires one to flnd G-actions : G ^ 
Diff(G"+29), : G ^ Diff(G"+29) on G^+^s that are infinitesimally generated by via 
these Poisson brackets 

{j2, F} = - F o p,(e-*-^") VF G C-(G"+2^) (3.9) 

{fa, F}e = -^|t=o F o p^{e-'n VF G C-(G"+2^). (3.10) 

Also, these G-actions should act on the group elements associated to the punctures by 
conjugation and left-multiplication, respectively, such that for each g E G p-y^g) , p-y^g) G 
Diff(G""'"^^) are related by (|3.5p . If such G-actions exist, they are uniquely defined by 
(13. 9p . (|3.1(jp . since every element of the group G can be written as a product of elements 
in the image of the exponential map. Remarkably, it is possible to define such G-actions 
P7) P7 for each embedded curve 7 on Sg^^D, and to relate them to the actions Pg, Pg of 
the Dehn twist around 7. 

Theorem 3.2 (Action of the Dehn twists on G^^"^^) 

For any embedded curve 7 on the surface Sg^j\D, Eqs. fl3.9|) and ()3.10p define associated 
G-actions p-^-^p-y '■ G Diff{G"'^'^^) related by (j3.5p . which conjugate and, respectively, 
left-multiply the group elements associated to the punctures. In terms of these group 
actions, the actions Pg,Pg ^ Diff{G"'^'^^) of the Dehn twist around 7 on G"~*"^^ can be 
expressed as 

fG = P,iP;'oP) TG = p,iP;'), (3.11) 
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where P^^ : (7"+^^ ^ p±i ; {uM]_, ■ ■ ■ ,UBg) ^ u^^ maps to the (inverse of) the G- 
component of Hol{'~f) = {u^, —Ad*{u~^)j"') expressed as a product in the G-components 

UMi , • • • , Um„ , Ua^ , . . . , UBg ■ 

Proof: 

Because of identity (j3.6|) and the commutative diagram (j3.3|) . it is sufficient to prove the 
existence of such a G-action for the modified Poisson bracket { , }q and the action p^. 

1. As a first step, we show how a G-action associated to an embedded curve 7 that 
satisfies fl3.10p and ()3.11|) gives rise to a corresponding group action for all curves 
^ that can be obtained from 7 via the action of Map(S'g,ri\D). Let A G Map(S'g,„\D) 
be an element of the mapping class group with actions Ag,A.g G Diff(G'^+^^) on G^^"^^. 
Consider the (embedded) curve ^ obtained from 7 by acting with A, write its holonomy as 
Hol(0 = {u^, -Ad*{u^^)j^) and denote by Eg, Eg G Diff(G'"+^^) the actions of the Dehn 
twist around ^ on G""*"^^. From the geometric definition of Dehn twists in the appendix 
it follows that the Dehn twists around the curves ^ and 7 are related by ^ = A o 7 o A~^. 
Using (|3.2|) and the definition (|3.5|) of the lifts, we deduce that the associated actions 
Tg, Eg on G""*"^^ satisfy Eg = A^,^ o Tg o Ag- On the other hand, the invariance of the 
symplectic potential G ()2.13p under A implies 

{£ F}e = {j2, F o A^i}e o A^ VF G C°^(G"+2^), (3.12) 

since j\ =„ p o A, and this allows us to define a G-action p^ : G ^ Diff(G'^"^^^) via 

p^{g):=A'Jop^{g)oAG Vg e G. (3.13) 

Using the invariance of the Poisson bracket under the mapping class group and the corre- 
sponding identity for 7, we see immediately that p^ satisfies ()3.10|) . Furthermore, since Ag 
acts on the group elements associated to the punctures by left-multiplication and permu- 
tation, we see that p^ acts on these elements by left-multiplication if the same is true for 
p^. To prove that p^ satisfies (j3.11|) . we note that the map P^^ is given by P^^ = P^^oAg 
and calculate 

P« {P^^ ° i^^h, ■ ■ ■ Ub,) = Pi [P^^ O (3{vm^, ■ ■ ■ UBg)) (fMi, . . . UBg) (3.14) 

= P?(^7"^ ° Ag o (3{vm^, ■ . . Wi?J)(fMi, . ..ub,) 
= A^i o p^(p-i o f3) o Ag{vm^, ■ ■ ■ ub,) 
= A^^ o Fg o Ag{va.i^ ,---Ub,) 
= Eg{vm^, ■ ■ ■,ub^). 

2. We therefore only need to prove p.lip for a set of curves containing one representative 
for each orbit of the Map(5'g,,i\D)-action on 7ri{Sg^r\D)- Such a set of curves can be 
constructed using results from geometric topology . It has been shown, see for example 
Lemma 2. 3. A. in ^Tj, that the equivalence classes of all non-separating curves 7 on the 
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surface Sg^r\D, i.e. curves 7 such that {Sg^j\D) \ 7 is connected, are in the same orbit 
under the action of the mapping class group. This is a consequence of the classification of 
two-dimensional surfaces via the Euler characteristic. We can apply the same argument 
to separating curves if we keep in mind that, unlike the handles, the punctures of our 
surface Sg^^D can be distinguished via the conjugacy classes assigned to them. This 
allows us to conclude that any two separating curves 7, 7' on Sg^>r\D such that the two 
components of (S'g^„\D) \ 7 and {Sg^f\D) \ 7' contain the same number of handles and the 
same sets of punctures lie in the same orbit under the action of the mapping class group. 
It is therefore sufficient to prove (jH.llll for one non-separating curve, for example any of 
the curves in ()A.1|) except Kj^^^, and the separating curves j^i---^r-ji--js pictured in Fig. 2. 

= [b,^,a-'] ■ [6,._„aTi J . . . [b^^,aj^'] ■ m,, ■ ■ -m,, (3.15) 

1 < il < J2 < • • • < is < js+l -=9, 1 < il < i2 < ■ ■ ■ < ir < ir+1 ■= Tt. 




3. For a given curve 7 expressed as a product in the generators mi,aj,bj G 7ri(S'c,,ri\-D), 
we can parametrise the holonomy as Hol(7) = {u^, —Ad*{u~^)j'^) and express it in terms 
of the holonomies Mj, Aj, Bj, which allows us to calculate the Poisson brackets {jj, Fje 
via ()2.10j) . ()2.14|) . For the set of curves ()A.1|) in the appendix, the holonomies are given 
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by ()A.2|) . ()A.3|) . and we define the corresponding G-actions as 











Ub, ^ 


[g, UA,]uB,g'^ 




Ux ^ 


[g, UA,]ux[g, ua,]'^ WX > Ai, Bi 




■Ua, ^ 


[g, us;\uA,g~^ 




Ub, ^ 


[g,us^]uBXg,us]-~^ 




Ux ^ 


[g, us^]ux[g, us^]'^ yX > Ai, Bi 




■UA, ^ 


[g,Ua^]uA,g''^ 




Ub, ^ 






UA,-i ' 


guA,^^ 






guB,^,g'^ 




Ux 


[g, Ua,]ux[g, Ua,]'^ WX > Ai, Bi 


PeM 


■Ux ^ 


guxg'^ VX G 




Ua, ^ 


[g,u,]uA,g-^ 




Ub, ^ 


\g,u,;\uAAg,u,^]~^ 




Ux 


[g, u,]ux[g, M.J~^ VX e {A+i, • • 


pK^Aa) 


■Vm, ^ 


' gvM, 




VMr ^- 


^ [g, UM,]vMr <T < fi 






" gvM^ 






' [g^ Un.JvMr Vr > ^ 




Ux ^ 


[g, u^.Jvxlg, ^K^X^ ^ {^1' 


Pnv,n + 2i-l id) 


■Vm, ^ 


^ gvM, 




VMr 


' [g, UM^VMr Vr = + 1, . . . , n, 




Ux ^ 


[g, UM^ux[g, mmJ~^ VX g {^1, . 




UA, ^ 


[g^ VK,,n + 2r-l]UA,g'^ 




Ub, ^ 






IXx ^ 


[g,u^.,n+2.-i]ux[g,u^^,„+2X'^ vx G 


Pl^v,n + 2ii9) 


■Va4, ^ 








> [g, UM,]vMr Wt = u + 1, . . . ,n 






[g, UM,]ux[g, umX^ VX g {^1, . 




Ma, 


guAXg;UMX^ 






guB.g'^ 




Ux ^ 


[g^ Ul^.,n + 2r]Ux[g, M«Z.,n+2i]"^ VX G 



(3.16) 



(3.17) 



(3.18) 



(3.19) 



(3.20) 



(3.21) 



(3.22) 



where [ , ] denotes the group commutator on G as given after ()2.13p . Mi < . . . < Mn < 
Ai,Bi < . . . < Ag,Bg, and {umi , ■ • • , um^ ,ua^, ■ ■ ■ ,ub,) = (3{vmi , • • • , f m„ ,uai, ■ ■ ■ ,UBg). 
We hsted only those elements ux that transform non-trivially. It can be shown by di- 



14 



rect computation that expressions ()3.16|) - ()3.22|) define G-actions on G""^^^ which satisfy 
fl3.10|) and act on the group elements associated to the punctures by left-multiphcation. 
Furthermore, comparing these G-actions with the action derived from expressions 
flA.4|) - ()A.10|) in the appendix, we see that they agree if we set g = u~^. 

Similarly, we calculate for the separating curves -y'l - *'--'!----?'' in ()3.15|1 



■■•irJl ■■■3s 



--f'n + Ad*{uMjj'''^ + ■■■ + Ad*{uM,^ ■ ■■umJj''^- +... (3.23) 
+ Ad* {uk,^_^ ■ ■ ■ uk.um,^ ■ ■ ■ UAuJj^'' 

with uk, = = ub.u'^.u'b'.ua, and 

-' ■'3 ■' 3 3 

= (1 - M*{u-,]u-b]ua,))3^^ + {M\u-,]u-^]uA,) - M\us]uA,))f\ (3.24) 
and define for all (7 G G 

{g) : Vm,^ ^ gvAU^ / = 1, . . . , r (3.25) 
ua,^ ^ guA^^g'^, ub^^ ^ gus.^g'^ l = l,...,s 
Vm, ^ [g, Um,^ ■ ■ ■ Um,^]vm, <i < k+i, I = l,...,r 

UA, ^ [g, Um,^ ■ ■ ■ UM,^]ua, [g, Um,^ ■ ■ ■ UAhX^ VI < j < Ji 

Ub, ^ [g, Um,^ ■ ■ ■ Um,^]uBj [g, UMi^ ■ ■ ■ um,^ VI < i < Ji 

ua, ^ [g, uk,^ ■ ■ ■ uk.^um,^ ■ ■ ■ um.Jua^ [g, uk^^ ■ ■ ■ Uk.^Um,^ ■ ■ ■ Um^J~^ 

ub, ^ [9, uk,^ ■ ■ ■ uk.um,^ ■ ■ ■ um,^]ub, [g, UKj^ ■ ■ ■ uk^um,^ ■ ■ ■ um^X^ 
"^31 < 3 <3i+i, / = 

Again, a straightforward calculation proves that ()3.25|) defines a G-action on G""^^^ which 
satisfies (j3.1Up and left-multiplies the group elements associated to the punctures. After 
determining the action of the Dehn-twists around r^'^^-^rji-js ^j-^g generators of the 
fundamental group as described in the appendix, we can derive the associated actions 

^h...trh-j. ^ Diff(G"+2^') 

f^-^^^-^^ : VM, ^ u-l.^rn..„^ -VM, l = l,...,r (3.26) 





■-y 1 ■■ 


■iri\---is 




I = 1 


, . . . , 


,r 








■iril---js 




"'^^■■■ZrJi^ 


■■js 


I = 


1, . . . ,s 






■iril---js 




■ U^ii-.-irj-l- 


■ ■is 


I = 


l,...,s 






■■iril---js 1 










] <i < ii+i, 


UA, 




■■iri\---is 1 






UA, 


■ 


■iri\---js 1 '^Mi^ 




VI < J < 31 












UB, 










UB, 








VI < J < 31 













1-1 
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^jl < j < / = 1, . . . ,s 

We then see that they agree with ()H.25j] if we set g = . Therefore, group actions 

: G ^ Diff(G'"+^^) satisfying and acting on the group elements associated to the 

punctures by left-multiphcation exist for all embedded curves 7 on Sg^r\D and are related 
to the action of the associated Dehn twist on G^+^a via ()3.11|) . which was to be shown. □ 

Theorem 13.21 shows how the actions Tc^g ^ Diff(G"+^^) arising from the action of a 
Dehn twists on the holonomies Mj, Aj, Bj can be related to an action of the group G 
that is infinitesimally generated by the element j2 via the Poisson brackets { , } and 
{ , }e- This raises the question if the same can be said for the corresponding actions 
r, r G Diff((G' K We show that this is the case by using the following lemma. 



Lemma 3.3 Let M be a manifold with diffeomorphism group Diff{M) and denote by 
Vec{M) the space of real vector fields on M. Let C be the infinite- dimensional Lie algebra 
C = Vec{M) X C~(M) with Lie bracket 

[X, Y]c = [X, Y]vec [X, F]c = X.F [F, G]c = (3.27) 

for X,Y e Vec{M), F,G e C°°(M), where X.F = j-^\t=oF{h^ (m)) denotes the action 
of the vector field X on a function F G C°°{M) with flow hf generated by X. Consider 
the action of diffeomorphisms (f) G Diff{M) on functions F G C°°(M) and vector fields 
X G Vec{M) via push-forward 

= F o {(f),X)F = j^\t=oF{<p o hf o 0-1). (3.28) 

Then, the push-forward with is a Lie algebra automorphism of C and any Lie algebra 
isomorphism ip : C ^ C with ip{yect{My) C Vect{M) and v5|c°°(m) = 0*|c°°(m) for some 
(j) G Diff{M) is equal to the push-forward with (j): tp = cj)^. 



Proof: The first claim states simply the standard properties of the push- forward, (j)^{X.F) = 
(0,X).((/),F) and(P,[X,Y]vec = [(p,X, (j),Y]vecioT X,Y e Vec(M),F G C°°(M), see [111201 • 
The second follows from the fact that a vector field is uniquely determined by its action 
on functions: {^X).{(f),F) = ^{X.F) = (j),{X.F) = (0,X).(0,F). □ 

Recalling the definition of the flower algebra and the modified bracket { , je? "we note 
that the subspace s^+^s ^ Qoo^Qn+2g^ ^ Qoo^Qn+2g^ ^^^Yi bracket { , }© can be viewed 
as a Lie algebra of type C in Lemma 13.31 The Poisson brackets of generators jf and 
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functions F G C°°(G"'"'"^^) allow us to identify the former with a basis of the space of 
vector fields Vec(G'"'"^^^). From the first set of brackets in ()2.10|) it is then clear that the 
commutator of two vector fields agrees with the Poisson bracket of the associated elements 
in (g)C°°(G'"+23). 

For any embedded curve 7 the associated Dehn twist acts on (^"+29 via the diffeo- 
morphisms Tg, Fq G Diff(G"'"'"^^) that map Vec(G'""'"^^) to itself and act on functions 
F G C°°(G'""'"^^) via the push-forward. We can therefore apply Lemma [3. 31 to the mapping 
class group action on the Lie algebra Vec(G'""^^^) x C°° {G'"''^'^^) with Lie bracket { , }e- 
As the flower algebra is multiplicatively generated by the coordinate functions and 
functions in C'^{G"'^^^), this defines the mapping class group action on the flower alge- 
bra with bracket { , je uniquely, and we see that it is given by the push- forward with 
p^{P~^ o /?). Since F and F are related by the commutative diagram ()3.3|) and p-y, 
by ()3.6|1 . the mapping class group action on the flower algebra with bracket { , } is then 
given by push-forward with p^{P~^). Recalling from Lemma IX^ that the push-forwards 
with p^{g) and P'y{g) define a Poisson action of the group G on the flower algebra with 
bracket { , } and { , }e, we obtain the following theorem. 

Theorem 3.4 (Action of the Dehn twists on the flower algebra) 

1. For any embedded curve 7 on Sg.^D the push-forward with p^{g), P'y{g) G Diffi^G^^"^^) 
defines a Poisson action of the group G on the flower algebra with bracket { , } and 
{ , }e, respectively. 

2. The actions T , T of the associated Dehn twist on the flower algebra with bracket 
{ , } and { , }e are given by the push-forward with p^{P~^) and py{P~^ o (3). 

One might ask if it is possible to define Hamiltonians such that the actions F, F on the 
flower algebra are realised as their flow for some value of the flow parameter. In the 
case where the exponential map exp : g — > G is surjective and elements u E G can be 
parametrised as u = exp(p"Ja) such Hamiltonians can be given explicitly. We can then 
write the holonomy along the curve 7 as Hol(7) = {u-y, —Ad*{u~^)j'^) with = exp(p" Jq) 
and introduce maps 

Considering the algebra element 

and the one-parameter group of transformations (p'^ {t) , (j)'^ {t) of the flower algebra gener- 
ated by Cy via the Poisson brackets { , } and { , je 

^\t=o(p'^{t)x = {c-/,x} ^\t=o(f>''{t)x = {c^,x}e (3.31) 

/n+2g \ 
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we obtain 

{c„ F} = -p;^^\t=o F o p,(e-*^») = ^|,=o F o p,(e*^^^i VF e C°°(G"+2^) (3.32) 
and an analogous expression involving { , }e and p^. This implies 

07(1)^ = ^0 1^1 0^(l)F = Fof^^ (3.33) 
Furthermore, it follows from 

{c,.J^} = P',{3l3^} + J^K, J<f } VX G {Ml, . . . , M„, Ai, . . . , 5,} (3.34) 

and the structure of the expression for in terms of the coordinate functions j^, Y G 
{Ml, . . . associated to the generators of the fundamental group that {c^, J,f } is a 

linear combination these coordinate functions with coefficients in C°°((j'""'"^^). The 
identification of the coordinate functions with vector fields on G""*"^^, discussed after 
Lemma f3.3| then implies that (jf maps Vec((7""'"^^) to itself. 

Theorem 3.5 The one-parameter groups of transformations (l)^{t), <p'^{t) act as Poisson 
isomorphisms on the flower algebra with bracket { , } and { , je, respectively, and agree 
with the action of the associated Dehn twist at t = 1 

0^(1) = r, 0^(1) = f (3.35) 

Proof: That the action of (p{t), <P{t) is a Poisson action Vt G M follows from the fact 
that they are infinitesimally generated via the Poisson brackets { , } and { , }e D3 1^ . 
That they agree with the action of the Dehn twists 7, 7 at t = 1 can be deduced from 
()3.33|) . the fact that they are Poisson actions and that they map the space Vec{G^^'^^) to 
itself by using Lemma 13.31 □ 

4 The quantum action of the mapping class group 

In this section we investigate the action of the mapping class group on the quantised fiower 
algebra and its representation spaces defined in Def. 12. 3t Def. 12.41 For the case of Chern- 
Simons theory with compact, semisimple gauge groups the corresponding quantum action 
of the mapping class group has been studied by Alekseev and Schomerus [S], who claim 
that elements of the mapping class group act as algebra automorphism on the quantum 
algebra constructed via their formalism of combinatorial quantisation of Chern-Simons 
theory^. Furthermore, they relate this quantum action of the mapping class group to an 
action of a quantum group associated to the gauge group of the underlying Chern-Simons 
theory. In terms of this quantum group action, Dehn twists around embedded curves are 
given by the action of the ribbon element and the exchange of punctures is implemented 
via the universal i?-matrix. 

■^The result was announced in but the proof does not appear to have been pubHshed. 
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We generalise and prove these results for semidirect product gauge groups of type G sk g*. 
Using the fact that elements of the mapping class group act as Poisson isomorphisms on 
the classical flower algebra and the rather close relation between classical and quantised 
flower algebra, we prove that the mapping class group acts on the quantised flower algebra 
via algebra isomorphisms. We show that this mapping class group action on the quantised 
flower algebra can be implemented as an action on its representation spaces. Finally, we 
relate the mapping class group action to representations of a quantum group, which in 
our case is the quantum double D{G) of the group G. 

In the proof of Theorem 4.1. in [23 , we demonstrated that any Poisson isomorphism of the 
flower algebra that maps the subspace g^+^s' (g) C°°{G'"'^'^^) © C°°(G'"'+^^) to itself gives rise 
to an algebra isomorphism of the quantised flower algebra ()2.15|) . As the quantised flower 
algebra is multiplicatively generated by elements of C°°(G'"+^^) and g""'"^^(8)C°°(G"'"'"^^), this 
algebra isomorphism is uniquely defined by its action on the subspace g"''^^^(8>C°°(G""'"^^)© 
Qoo^Qn+2gy Furthermore, if we identify the isomorphic subspaces g"+^f © C°°(G'"'+^^) © 
Qco^Qn+2g^ in the classical and quantised flower algebra, the quantum action on this 
subspace agrees with the classical action. Both the generators ()A.4|) - ()A.10|) of the pure 
mapping class group PMap(S'g_„\D) and the generators ()A.11|) satisfy the condition above, 
so that the classical action of the mapping class group gives rise to a mapping class group 
action as algebra automorphisms of the quantised flower algebra. The results in Sect. |21 
then allow us to implement this action on the representation spaces in Theorem 12.41 
The key observation is that the states ijj ^ V^j^si...^i„s„ in the Hilbert spaces defined in 
Def. 12.41 are vector- valued functions on G^+^s satisfying an equivariance condition. Each 
component of i/j may thus be viewed as an element of the flower algebra with bracket 
{ , }e- This allows us to define a representation of Ma.p{Sg^y\D) on the Hilbert spaces 
V^isi...At„s„ by extending its action on the flower algebra componentwise to -0 G V^isi...At„s„- 

Theorem 4.1 (Quantum action of the mapping class group) 

1. Elements A G Map{Sg^r\D) of the mapping class group act as algebra automorphisms 
A : JF ^ JF on the quantum flower algebra. 

2. Let TX\ G Sn be the permutation associated to A via the map it in ()3.1|) and 

Px.Vs,®...®Vs^^ © . . . ® (4.1) 

the map which permutes the factors in the tensor product. Then the map 

Lx: tpe V^,s^...^^„s„ ^ pxo^ok^} e (4-2) 

defines a representation of the mapping class group on the Hilbert spaces V^^sl...^lnSr, 
given in Theorem \2.J\ On the dense subspace ^^^^ carrying the representations 
of the quantised flower algebra, it satisfies 

n^is,...^„.„(Ax) = Lx o n^,.,...^„.„(x) o vx g t. (4.3) 
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Proof: The first claim follows from the discussion in [22] as explained above. That ()4.2|) 
defines a representation of the mapping class group is a consequence of the properties of 
the push-forward. To prove identity ()4.3p . we use the fact that the action of the mapping 
class group on the quantum flower algebra is uniquely defined by its action on functions 
F G C°° [G^^"^^) and the generators j^, on which it agrees with the corresponding classical 
action. With expression ()2.18|) for the action of these elements on the representation spaces 
y^,^s^...^,^s^, we obtain 

n^i.,..M„.„(A(l ® F))L^i, = (((Ag).F) o (3) ■ L.ij = {{Ag).{F o p)) ■ L.V' 

= LA(n^,.,...^„.„(l®F)V^), (4.4) 

where we used the fact that A^- and are related by equation (j3.6p . Recalling the 
definition of the action A on the classical flower algebra and the fact that this action 
is a Poisson action by Theorem 13.11 we calculate for the action of elements j'^ ® F E 

n^,.,...M„s„(A(jf ® F))Lxij = -th{{AG).F) o p . {A,jf , Lxij}e (4.5) 
= -iHKgUF o (3) . Lx{j^, V'le = ^A(n^is,..M„s„(j<f ® F)^), 

which together with ()4.4|) proves the claim. □ 

We would now like to relate this action of the mapping class group on the Hilbert spaces 
VfllSl...^i„s„ to different representations of a quantum group associated to the gauge group 
G X g*, generalising the corresponding result for compact, semisimple gauge groups ob- 
tained by Alekseev and Schomerus 0. Whereas the quantum group representations and 
their relation to elements of the mapping class group are stated rather implicitly there, 
we find that our formulation admits an explicit constructing relating them to the classical 
structures discussed in Sect. El 

The quantum group relevant to our formulation is the quantum double D{G) of the 
group G. Using the definition given in [221, identify the quantum double as a 

vector space with the space of continuous functions on G x G with compact support: 
D[G) = Cq{G X G,C). In order to exhibit the structure of D{G) as a ribbon-Hopf- 
*-algebra, it is necessary to introduce Dirac delta functions which are not strictly in 
Co{GxG, C) but can be included by simply adjoining them. Thus we define multiplication 
• , identity 1, co-multiplication A, co-unit e, antipode S and involution * via 

{FimF2){v,u) := [ Fi{z,u)F2{z-'v,z-'uz)dz (4.6) 
Jg 

l{v,u) := 6e{v) 
{AF){vi,Ui;v2,U2) ■■= F{vi,UiU2) 6.,,{V2) 

e(F) := / F{v,e)dv 
Jg 

{SF){v,u) := F{v-\v-\-^v) 
F*{v,u) := F{v~^,v~^uv). 
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The universal i?-matrix is then given by 

R{Vi,Ui;V2,U2) = Se{Vi)Se{UiV2'^) (4.7) 

and the central ribbon element c by 

c{v , u) = 6y{u) . (4.8) 

We start by considering Dehn twists around embedded curves 7. In order to relate the 
action of these Dehn twists to the action of the ribbon element in representations of 
D{G), we need to find a way of associating such representations of D{G) to each of the 
curves 7. In view of the classical results in Sect. El one could expect these representations 
to involve the G-action and the map : G*""*"^^ — > G. To pursue this intuition 
further, we note that, given an action of the group G on a manifold M together with 
map (f) : M G satisfying a certain compatibility condition, there is a canonical way of 
constructing representations of the quantum double D{G) on the space L?'{M): 

Lemma 4.2 Let G he a unimodular Lie group with a continuous action p : g E G ^ 
Diff{M) on a manifold M equipped with a Borel measure dm invariant under the G-action 
p. Let (p : M ^ G be a continuous map satisfying the equivariance condition 

(j){p{g)m) = g ■ (j){m) ■ g'^ \fg E G,m e M. (4.9) 

Then a unitary representation II^^^ of the quantum double D{G) on the space L'^{M) is 
given by 



Up^^{F)ilj (m) = J F{z,(f){m))ij o p{z-^){m)dz, (4.10) 
where dz is the Haar measure on G. 
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Proof: That ()4.10|) defines a unitary representation of D{G) can be shown by direct 
calculation using the definition ()4.6|) of the quantum double D{G) and the compatibility 
condition (jO)). □ 

In our situation, we have M = G^+^s and consider the G-action p = p^ and the map 
= P^'^ o (3. We need to show that they satisfy ()4.9|) . For the set of curves ()A.1|) in 
the appendix and the separating curves ()3.15p . this follows directly from identity ()3.6j] 
and expressions ()3.16p - ()3.22|) and ()3.25|) for the G-actions. Identity ()3.13|) then allows us 
to generalise this result to all embedded curves on Sg^^D as follows. If p^ and P~^ o (3 
satisfy (j4.9p for an embedded curve 7 and ^ is obtained from 7 via the action of an element 
A G Map{Sg^r\D) of the mapping class group, we have 

°P°Pd9) = P;' o Ag o o A-i o p^{g) o Kg (4.11) 
= P-' o (3 o p^{g) o Ag 
= g-{p-'o(3oKG)-g-^ 
= g ■ (P-I o Ag o /9) ■ g-^ 
= g-{P^'o(3).g-\ 
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so that ()4.9|) holds for and P^^ o p as well. The curves ()A.1|) and ()3.15|) are such that, 
up to homotopy, every embedded curve on Sg^r\D can be obtained by acting on one of 
them with Map(S'g,„\D). Hence the result ()4.9|1 holds for all embedded curves. 

By Lemma [4.21 the G-action and the map o f] then define a unitary representation 
of the quantum double D{G) on the Hilbert spaces V^-^si...ii„s„- Using expression ()4.8j) for 
the ribbon element, we see that its representation on the space V^isi...^„s„ agrees with the 
action of the corresponding Dehn twist: 

Theorem 4.3 (Quantum action of Dehn twists) 

1. For any embedded curve 7 on Sg>^D the map 

Ii^{F)%lj{Vm^, . . .,Vm„,Ua^, . . ■,Ub,) = / F{z,u~^)'i{jo p^{z'^){yM^,- ■ ■,UB,)dz 

Jg 

F {z,P:^^ o p{vM^,---,UBg)) ipo p^{z-^){vM^,...,UB^)dz (4.12) 
defines a unitary representation of the quantum double D{G) on the Hilbert space 

2. The action of the central ribbon element c G D{G) (|4.8|) on V^-^si...n„s„ agrees with 
the mapping class group action defined in Theorem |^.i| 

n^(c)^ = (fc)*^ e v,,s,...,„s„. (4.13) 

To find the representations associated to the generators ()A.11|) of the braid group, we use 
the standard result that representations of a quantum group give rise to representations 
of the braid group via the universal i?-matrix ^31- If we associate a representation of 
the quantum double D{G) to each puncture of the surface Sg^n as in [23], the universal 
i?-matrix of D{G) acts on the tensor product of two such representations. The following 
theorem generalises results of [71 [12] . 

Theorem 4.4 (Quantum action of the braid group) 

Define representations n^^^, : DiG) Hom{V^^si...f,„s„,VtMis^...f,„sn) of D{G) by 

n^^s, {F)i){vM^ ,...,VM„,UA,,...,UBg) (4. 14) 

F{Z, VM,g,,,V]^l)i^{vMi, • • • , VMi.^,Z'^VMi,VM,+„ • • • , UB,)dz, 

and let vr* : G^+^s Qn+2g ^^^^ exchanges the i*^ and (i + l)*'^ copy of G 

vr* : (vmi, • • . ,fM„, WAi, . . .,Ub,) ^ (vm^,- ■ ■ ,VMi+i,VMi, ■ ..Vm„,ua^, ■ ■ ■,Ub,) (4.15) 
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Then, the action of the generators ()A.11|) of the braid group on V^isi...^t„s„ is given by 

L^.i: = p\{U,^s^ ® Il,^^,s^^J{R)) o Wij e V,,s,...,„s„, (4.16) 

where : V^^si,„f,^sn — > Ki ® • • • ® ® ® ® K,+2 ® • • • ® K„ exchanges the 
spaces Vs- and K^+i the tensor product. 

Proof: That ()4.14p defines a representation of the quantum double D{G) on V^j^si...ii„s„ 
can be verified by direct calculation using (|4.6|) . To prove (j4.16p . we insert the definition 
(j4.7p of the universal i?-matrix in (j4.14j) and obtain 

pXn^.s, ® n^,^,,^^J(i?) [nl^] {VM,, . ■ ■,UB,) (4.17) 

= P'(n^,s, ® n^,+is,+i)(i?)V'(^^Mi, • • -^Vm^+^Vm,, ■ ■ ■,Ub,) 
JGxG 

Recalhng the definition of via ()A.11|) and ()3.5p . we see that this agrees with L^iip. □ 
5 Concluding remarks 

In this paper we constructed a Poisson action of the mapping class group Meip{Sg^r\D) on 
the flower algebra and on the representation spaces of the associated quantum algebra. 
We related the classical action of Dehn twists to an inflnitesimally generated G-action 
and, in the case where the exponential map is surjective, to Hamiltonian flows of certain 
conjugation invariant functions on G K g*. In the quantum theory, we showed how the 
mapping class group representation can be expressed in terms of the ribbon element 
and universal i?-matrix of the quantum double D{G). Our results were derived for any 
connected, simply-connected and unimodular flnite-dimensional Lie group G, but the 
assumptions of connectedness and unimodularity can be dropped at the expense of mild 
technical complications. 

We feel that the mathematical structure of the flower algebra makes it an object of inves- 
tigation in its own right. However, it attracted our attention because of its relevance to 
physics, more precisely, its role in the description of the phase space of (2-|-l)-dimensional 
gravity in the Chern-Simons formulation. The phase space of Chern-Simons theory with 
gauge group G x q*, the moduli space of flat G x 0*-connections, can be obtained from 
our set of holonomies Mi, . . . , M„, Ai, Bi, . . . Ag, Bg by imposing the condition ()2.6p and 
dividing by the G k 0*-action which simultaneously conjugates all holonomies. Formal 
arguments, based on the analogy with the discussion in [S], suggest that the Poisson ac- 
tion of Ma.p{Sg^f\D) on the flower algebra descends to a symplectic action of Map(6'c,_„) 
on the moduli space. A mathematically rigorous implementation of these arguments for 
the non-compact groups G >< g* considered here would be interesting, particularly for 
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the physically relevant cases where G x g* is the universal cover of the three-dimensional 
Euclidean or Poincare group. 

In the quantum theory, the classical conjugation symmetry is replaced by an action of the 
quantum double D{G) on the Hilbert spaces Vfj_-^s-^...^„s„, see [22], in particular Eq. (4.27). 
The constraint (|2.6|) is then implemented on these Hilbert spaces by imposing invariance 
under the action of the quantum double. The action of Map(S'g,„\D) on V^j^si...ii„s„ derived 
in Sect. 4 of the present paper commutes with this action of the quantum double. Formally, 
one obtains an action of the mapping class group Map(iS'g^„) on the invariant states in 
^isi...At„s„! but there are again technical difficulties related to the non-compactness of 
G t< g*: the states which are invariant under the D(G)-action are singular and not proper 
elements of V^isi...^„s„- For the case of Chern-Simons theory with the non-compact but 
semisimple gauge group iS'L(2,C), a mathematically rigorous way of defining invariant 
states has been derived in Tl . It would be interesting to see if a similar method can 
be applied to our situation and to investigate the resulting mapping class group action 
on the reduced Hilbert space, again with particular attention to the three-dimensional 
Euclidean or Poincare group. 
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A The generators of the mapping class group 



For the convenience of the reader we give a set of generators of the mapping class groups 
Map(S'g^„) and Map(S'c,_„\D) with exphcit formulae for their actions on a set of generators 
of the fundamental groups 7Ti{Sg^n) and 7ri(S'g^„\D). Some of the contents of this appendix 
are taken from our discussion in 



The pure mapping class group PMap(S'c,,„\D) of the punctured surface Sg^r\D is the 
subgroup of Map{Sg,r\D) which leaves each puncture fixed. A set of generators and 
defining relations has been derived by Birman ^ HHj but for us the set of generators used 
by Schomerus and Alekseev j3] is more convenient, which was first given in |21], see also 
[21]. Note that this set also generates PMap(S'g.„), with additional relations. 

The generating set consists of Dehn twists around the curves a^, Si, ai, ej, k^^^, Kt,^n+2i-i 
and Ku,n+2i pictured in Fig. 3. 




Fig. 3 

The curves associated to the generators of the (pure) mapping class group PMap(5g^„\£') 



They can be expressed in terms of the generators mi, ... , m„, ai,bi, . . . , ag,bg of the fun- 
damental group shown in Fig. 1 as follows: 



Si = ar^b^^tti 
Ui = a^^b^^ttibi^i 

ei = a'^b'^tti ■ (6i_iar_\6r_\aj_i) ■ . . . ■ (feiaj^^fof ^ai) 



l^u,n+2i-l — <^i ^i (liTn^ 



i = l,...,g 
i = l,...,g 
i = 2,...,g 
i = 2, . . . ,n 

1 < u < fi < n 



1, . . . ,n, z = 1, . 



(A.l) 



,9 
,9 ■ 
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Parametrising the corresponding holonomies as Hol(7) = {u^, —Ad*{u^^^)j'^) and express- 
ing them in terms of holonomies of the generators rrii, aj, bj, we obtain 

Ua, = Ua, (A.2) 

US,, = U^lu^luAi 

Ue, = U^]Us]ua,Uk,_, ■■■Uk, 

?^«,,„+2._i = u^Iu]^IuaMm, 

Ja, = 3Ai (A.3) 

js, = (1 - ^(^*{u-A]uB]uA,))jA, - ^(^*{Ub]ua,)3b, 

3a, = 3b,., + (Ad*(MB,_J - Ad*(M^J)j^^ - Ad* {u]^luA,UB,_JjB, 
i-1 

3e, = Yl ■ ■ ■ uk,)3hi + ( Ad*(Mi^,_, ■■■UK,)- Ad* {u^\^\a,uk,_, ■■■uk,) )3a, 

1=1 

- Ad*(u;BjMA.«x,„i ■■■UK,) )3b, 
= Jm. +Ad*(MMjjV 

jK,,„+2,_i = J A/. + (Ad*(MMj - ^d*{u^,.,„+2,^i))3A, - Ad*(MA,^i«,.,„+2,_JjB, 

with Uk, = [ub,,u';^^J = UB,u^^u'g]uA, and j^' given by (111 241). 

A Dehn twist around an embedded curve 7 can be defined by embedding a small annulus 
around the curve and twisting its ends by an angle of 27r as shown in Fig. 4. It induces 
an outer automorphism of the fundamental group, affecting only those elements for which 
all representing curves intersect with 7. If we choose a representing curve that has the 
smallest possible number of intersections with 7 for each of the generators mj, a^-, hj of 
the fundamental group and determine their transformations by drawing the images of 
these curves as indicated in Fig. 4, we obtain explicit formulae for the action of the pure 
mapping class group on these generators. We summarise this action in the following table, 
listing only the generators that do not transform trivially^. 



tti -.hi ^ bitti (A.4) 
Si -Mi ^ ttiSi = b'^tti (A. 5) 



*Note that the Dehn twist ljA.5|) is the inverse of the twist in |22| . 
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ai -Mi ^^ b^^aibi^i = aiUi 



(A.6) 



Ei -Mi b^^aiki^i . . .ki = ttiti (A. 7) 

ttfe 1-^ /cf ^ . . . kl\{a~\ai)ak{a;^h':r^ai)ki_i ...ki = e^r^akCi 
yi<k<i 

k^^ ... kr\{aT^hiai)hk{a^^b':r^ai)ki_i ...ki^ el'^hkei 
yi<k<i 



where kj :— bjUj ^bj ^aj 



m,, 



(A.8) 



O'i ^ bj^ ^aiTTii, — aiKi,^n+2i—l 

Xj 1-^ m~^a^^biaimi,a~^b~^aiXja^^biairn~^a^^b~^airni, 
Xj e {m^+i, nin, oi, . . . , h-i} 



K^,n+2i -m^ ^ m'^\'^mt,bim^ = «;~;^+2i"^i/'«i',n+2i (A.IO) 

bi ^ mZ\mr, = KZ),+2ihK.i^,n+2i 

tti ^ m~^b~^aib~^m~^bimi, 

— '^uli+2i'^i^i ^f^v^'^v,n+2i 

Xj ^ m~^b~^m^biXjb^^m'^^bimi, 

= '^u}i+2i^Axjb~^m~^K^^n+2i, Xj e . . . , m„, ai, . . . bi_i}. 
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Fig. 4 

The effect of a Dehn twist around an oriented loop (dotted line) 
on a curve intersecting the loop transversally (full line) 



A set of generators of the full mapping class group of the surface 5*^ „\Z} is obtained by 
supplementing this set of generators with the generators c*, i = l,...,n of the braid 
group. The action of these generators on the loops nii around the punctures is shown in 
Fig. 5. They leave invariant all generators of the fundamental group except and mj+i, 
on which they act according to 

(7* :mj I— > mj+i (A-H) 
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Fig. 5 

The generators of the braid group on the surface Sg^r\D 
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